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IN FLOATING ICE PLATES;\) 

by 

2)  Arnold D. Ker r l )  and Warren T. Palmer 

SUMMARY 

I n  t h e  p a s t ,  t h e  ana lyses  of f l o a t i n g  i c e  plates  sub jec t ed  t o  s t a t i c  o r  

dynamic loads  were based on t h e  theory  o f  a t h i n  homogeneous p l a t e ,  a l though 

i n  a c t u a l  f l o a t i n g  i c e  p la tes  Young's modulus may v a r y  s t r o n g l y  wi th  depth.  

Recently,  A. Assur concluded, on t h e  b a s i s  of  a h e u r i s t i c  argument,  t h a t  t h e  

s o l u t i o n s  obta ined  f o r  homogeneous plates may be  used f o r  f l o a t i n g  ice  p l a t e s ,  

i f  a modif ied f l e x u r a l  r i g i d i t y  i s  used. The purpose o f  t h e  p r e s e n t  paper  i s  

t o  s tudy  t h i s  question, by e s t a b l i s h i n g  a mathemat ica l ly  c o n s i s t e n t  formula t ion  

€o r  t h e  dynamic p la te  equa t ion  u t i l i z i n g  Hamil ton 's  P r i n c i p l e  i n  conjunct ion  

wi th  t h e  t h r e e  dimensional  t heo ry  o f  e l a s t i c i t y .  

v a r i a b l e  Young's modulus and a c o n s t a n t  P o i s s o n ' s  r a t i o  t h e  r e s u l t i n g  formu- 

l a t i o n s  f o r  plates and beams are t h e  same as those  f o r  t h e  cor responding  

homogeneous problems, i f  a modif ied f l e x u r a l  r i g i d i t y  i s  used;  t hus  confirming 

Assur 's  conclus ion .  It i s  shown t h a t  t h e  corresponding s t ress  d i s t r i b u t i o n  i s  no t  

l i n e a r  and t h a t  t h e  formula 2 = Mz / I  used by a number o f  i n v e s t i g a t o r s  f o r  t h e  

de t e rmina t ion  o f  f a i l u r e  stresses from tes ts  on f l o a t i n g  ice beams, i s  n o t  

a p p l i c a b l e .  A c o r r e c t  formula i s  de r ived  and i t s  use  d iscussed .  

I t  was found t h a t  f o r  a 
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INTRODUCTION 

The f i r s t  a n a l y s i s  o f  a f l o a t i n g  ice p l a t e  i s  due t o  H. Hertz Ell. 

This a n a l y s i s ,  publ ished i n  1884, d e a l s  w i th  a n  i n f i n i t e  plate  s u b j e c t e d  t o  

a lateral concen t r a t ed  f o r c e ,  and i s  based on t h e  d i f f e r e n t i a l  equa t ion  of 

t h e  homogeneous e l a s t i c  p l a t e  

D V4w + kw = q 

I n  above equa t ion ,  w(x,y)  i s  t h e  d e f l e c t i o n ,  q ( x , y )  i s  t h e  la teral  load ,  

D i s  t h e  f l e x u r a l  r i g i d i t y ,  k i s  t h e  s p e c i f i c  weight of t h e  l i q u i d ,  and 

A l a r g e  number of s o l u t i o n s  o f  equ. (1) f o r  c i r c u l a r  p l a t e s  are p r e -  

s en ted  i n  a book by F. S c h l e i c h e r  [2] publ ished i n  1926. s. Berns t e in  [3) ,  

i n  1929, d i s c u s s e d  t h e  stresses and deformations of a f l o a t i n g  ice plate ,  

by comparing a n a l y t i c a l  r e s u l t s  based on equ. (1) wi th  t e s t  da t a .  He found 

t h a t  f o r  l oads  o f  s h o r t  d u r a t i o n  t h e  i c e  p l a t e  response w a s  e l a s t i c .  A 

number of problems solved by H.M. Westergaard i n  connect ion wi th  s t r e s s e s  

i n  c o n c r e t e  pavements are a l s o  based on equ. (1). 

are d i s c u s s e d  i n  t h e  book by S. Timoshenko and S. Woinowsky-Krieger [ 4 l .  

Addi t iona l  s o l u t i o n s  of equ. (1) are contained i n  References [5-81. Very 

These and r e l a t e d  probl . ems 

r e c e n t  d i s c u s s i o n s  of f l o a t i n g  ice  p l a t e s  by H. Brunk f9]  and 0. Mahrenholtz 

are a l s o  based 

A dynamic 

where P (x, Y,  t )  

bottom s u r f a c e  

on equ. (1). 

v e r s i o n  of equ. (1) is (see Fig. 1) 

i s  t h e  dynamic p r e s s u r e  which t h e  l i q u i d  base  e x e r t s  upon t h e  

of t h e  f l o a t i n g  plate ,  m is  t h e  mass of t h e  p l a t e  p e r  u n i t  area, 

and q ( x , y , t )  r e p r e s e n t s  t h e  s t a t i c  i n t e n s i t y  as w e l l  as t h e  i n e r t i a  of t h e  

load. Equ. (2) w a s  used by a number o f  i n v e s t i g a t o r s  t o  a n a l y z e  t h e  response 
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of  f l o a t i n g  ice plates  sub jec t ed  t o  dynamic loads .  

r e s u l t s  are presented  and d i scussed  i n  t h e  books by W.M. Ewing, W.S. J a rde tzky  

and F. P res s  [ll] and by D.E. Kheishin [12]. Very r ecen t  i n v e s t i g a t i o n s  

of f l o a t i n g  ice p l a t e s ,  which are a l s o  based on equ. (2), were publ i shed  

by D.E. Neve1 r131, [14], H. Reissman [lS), and P.F. Sabodash and I. G. 

F i l i ppov  [ 161. 

A l a r g e  number of  t h e s e  

I n  a n  a c t u a l  f l o a t i n g  i c e  p la te  t h e  temperature  varies throughout t h e  

th i ckness .  Namely, i t  i s  about  +32OF ( f r eez ing  temperature)  a t  t h e  bottom 

su r face ,  which rests on the  water, and u s u a l l y  much lower a t  t h e  upper 

s u r f a c e ,  which is  i n  con tac t  w i t h  t h e  o u t s i d e  a i r .  Because of  t h i s  t e m p e r -  

a t u r e  g r a d i e n t  and t h e  s e n s i t i v i t y  of  ice p r o p e r t i e s  nea r  t h e  f r e e z i n g  

temperature ,  Young's modulus E varies s u b s t a n t i a l l y  throughout t h e  p la te  

th ickness .  

v e r y  s m a l l  [17]. I n  1966, A. & s u r  [18], d i s c u s s i n g  t h i s  problem, proposed 

a c o r r e c t i o n  of  t h e  c l a s s i c a l  p la te  equa t ion  (l), assuming t h a t  v is cons tan t  

The corresponding v a r i a t i o n  o f  Po i s son ' s  r a t i o  v appears t o  be 

b u t  E varies w i t h  depth.  Using a h e u r i s t i c  argument, Assur concluded t h a t  t h e  

s o l u t i o n s  of (1) remain t h e  same, except  t h a t  D = Et? /[12(1-v2 )] has t o  be  

rep laced  by a d i f f e r e n t  value.  I d e n t i c a l  r e s u l t s  were obta ined ,  independent ly ,  

by M. Newman and M. Forray [19] whi le  d i s c u s s i n g  t h e  e f f e c t  of  aerodynamic 

hea t ing  on e l a s t i c  plates. Nei ther  of  t h e s e  p a p e r s  d i scussed  t h e  boundary 

cond i t ions  t o  be used, which affect  t h e  s o l u t i o n  o f  a p a r t i c u l a r  problem. 

I n  view of  t h e  nove l ty  of  t h e  assumption t h a t  i n  t h e  plate E varies 

w i t h  depth, t h e r e  i s  a need, a t  f i r s t ,  t o  e s t a b l i s h  a mathematical ly  con- 

s i s t e n t  formulat ion.  Namely, t o  e s t a b l i s h  t h e  proper  d i f f e r e n t i a l  equa t ion  

and t h e  corresponding boundary cond i t ions  f o r  t he  a n a l y s i s  of f l o a t i n g  ice 

plates which respond e l a s t i c a l l y .  

ctermine if a l l  s o l u t i o n s  obta ined  f o r  t h e  homogeneous plate are a p p l i c a b l e  

This  i s  a l s o  necessary  i n  o r d e r  t o  de- 
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t o  f l o a t i n g  i c e  p l a t e  problems j u s t  by changing t h e  f l e x u r a l  r i g i d i t y  of 

t h e  p l a t e .  This  and r e l a t e d  t o p i c s  are s t u d i e d  i n  t h e  following. 

THE FORMULATION OF THE EIOATING ICE PLATE WITH E(z) 

Consider  a f l o a t i n g  ice  p l a t e  sub jec t ed  t o  a la teral  l o a d  q ( x , y , t )  as 

shown i n  Fig. 1. We deno te  by p (x ,y ,  t) t h e  p r e s s u r e  t h e  l i q u i d  e x e r t s  upon 

t h e  p l a t e  due t o  q. 

I n  o r d e r  t o  i n s u r e  a. mathematical ly  c o n s i s t e n t  formulat ion,  w e  u t i l i z e  

Hamilton's P r i n c i p l e  f o r  e las t ic  bodies  [ 20) 

tl 
6 (U - W - K)dt = 0 

where U i s  t h e  e l a s t i c  s t r a i n  energy s t o r e d  i n  t h e  plate ,  W i s  work po- 

t e n t i a l  o f  t h e  o u t s i d e  f o r c e s  q and p, and K i s  t h e  k i n e t i c  energy of t h e  

p l a t e .  

I n  t h e  fol lowing w e  ana lyze  t h e  problem w i t h i n  t h e  frame work of t h e  

l i n e a r  bending theo ry  of plates.  

The e las t ic  s t r a i n  energy of t h e  p l a t e  is determined from t h e  g e n e r a l  

expres s  ion  

+ a  E )dV 
YZ YZ 

1 
= - 2 sss (OXXEXX + OyyEyy + % Z E Z Z  + OxyExy + axzExz 

V 

where t h e  i n t e g r a t i o n  extends ove r  t h e  undeformed volume of t h e  p l a t e ,  V. 

Denoting by (u,v,w) t h e  components of t h e  displacement  v e c t o r  o f  any p o i n t  

(x ,y , z )  of t h e  p la te ,  i t  fol lows t h a t  

E xx = u ,  X E = E  = u , y  + v ,x  

E = v ,  E = E  = u, Z + w , x  

= v9 Z + w 9 Y  E = W Y z  E = E  

XY YX 

YY Y XZ ZX 

z z  YZ Z Y  

where ( ),, = a (  )/ax, etc.  
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For t h i n  p l a t e s  i n  bending i t  is  reasonable  t o  assume t h a t  

<< 0 
O Z Z  << OXX ; O Z Z  YY 

Hence (J i s  n e g l i g i b l e  compared t o  0 o r  0 
Z Z  xx YY' 

Because t h e  p l a t e  under c o n s i d e r a t i o n  i s  r e l a t i v e l y  t h i n  and t h e  

expected s t r a i n s  r e l a t i v e l y  small, i t  i s  assumed t h a t  t h e  displacements  w 

of each p o i n t  on a l i n e  parallel  t o  t h e  z -ax i s ,  are approximately t h e  same. 

Hence 

W(X,Y,Z) ;J (X,Y)  (7 1 

Therefore ,  t o  d e s c r i b e  t h e  ver t ical  displacements  o f  t h e  p l a t e ,  i t  i s  

s u f f i c i e n t  t o  use only one p l ane  paral le l  t o  t h e  x,y-plane as a "reference" 

plane.  We choose, t h e  x ,y -p lane  as t h i s  plane and place i t  so  t h a t  i t  

coa le sces  w i t h  t h e  "neu t r a l "  p l ane  ( a t  which oXx and 0 

are z e r o ) ,  as shown i n  Fig. 2. Assumption (7) i m p l i e s  

due t o  bending 
YY 

E s o  zz 

throughout t h e  plate.  

It should be noted t h a t  e v e n i f  t h e  plane s e c t i o n  hypothesis  i s  adopted, 

t h e  stress d i s t r i b u t i o n  i s  not l i n e a r  i n  the  z d i r e c t i o n  because E = E(z) 

and t h e r e f o r e  t h e  p o s i t i o n  of t h e  n e u t r a l  p l ane  does n o t ,  i n  gene ra l ,  coin- 

c i d e  wi th  t h e  middle plane. Hence f o r  t h e  problem under c o n s i d e r a t i o n  t h e  

p o s i t i o n  of t h e  x ,y - r e fe rence  plane i s ,  a t  f i r s t ,  n o t  known. I ts  l o c a t i o n  

depends upon E(z). Its de te rmina t ion  i s  d i scussed  la ter .  

The usua l  assumption t h a t  a l i n e  normal t o  t h e  x,y-plane remains s t r a i g h t  

a f t e r  deformation,  is expressed as 

U ( X , Y , Z )  = G ( X , Y )  + z Cp(X,Y) 

V ( X , Y , Z )  = % Y )  -k z $(X,Y) 

where 6 and i are t h e  respective displacement  components of t he  r e f e r e n c e  

plane. The a d d i t i o n a l  assumption t h a t  t h i s  s t r a i g h t  l i n e  remains perpen- 
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d i c u l a r  t o  t h e  deformed r e f e r e n c e  p l ane  i m p l i e s  

E = o  xz 

E = o  

With (6), (a), and ( lo) ,  t h e  s t r a i n  energy expres s ion  ( 4 )  reduces t o  

Y Z  

u ='JJJ (a E 
3 - 0  E + a  E )dV 2 xx xx YY YY XY XY 

V 

The f u n c t i o n s  cp and $ are determined by s u b s t i t u t i n g  (9) i n t o  ( lo ) ,  

n o t i n g  (5). The ob ta ined  expres s ions  are 

&,Y)  = - w , X  A 

Hence, acco rd ing  t o  (9) 

u(x, Y,  z )  = ^U(X,Y) - z X 

W ( X , Y Y Z )  = W b Y )  
Noting t h a t  i n  t h e  classical bending theo ry  3 0 and $ c 0, it fol lows 

from (5) t h a t  

A 

xx z w, E = -  
xx 

I\ E = -  
YY w y Y Y  

E = - 22 G, 
XY XY 

Because of t h e  assumption t h a t  CT i s  neg ~ 

Z Z  

o r  u Hooke's l a w  becomes 
OXX YY 

- E ( + V E  ) 
OXX - 1_$7 €XX YY 

) E 
a y y  = i T  ( E Y Y  + €XX 

-c: b l y  small compared :0 

E 
o =  xy 2(1+v) €Xy 
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S u b s t i t u t i n g  (15) i n t o  (11) w e  ob ta in  

E " +  E )dV 2 EN 

v 

Because E = E ( z )  equ. (16) may be  r e w r i t t e n ,  n o t i n g  (14), as fol lows 

U = $ JJ IDl($.,, + 6, >" + 2D2(67 - 6, s, )]dxdy 
YY XY xx YY 

R 

where t h e  i n t e g r a t i o n  ex tends  ove r  t h e  undeformed r eg ion  o f  t h e  p l a t e ,  R, 

as shown i n  Fig. 3 and 

h- z 

D 2 =  s l + v  dz  = (l-v)Dl 
- 2  
0 

The work p o t e n t i a l  o f  t h e  o u t s i d e  f o r c e s  i s  w r i t t e n  down, as u s u a l l y  

done i n  t h e  classical p l a t e  theory ,  by assuming t h a t  t h e  h o r i z o n t a l  com- 

ponents o f  t h e  p r e s s u r e  p are n e g l i g i b l y  s m a l l .  Hence 

w = JJ (4-p) 3 dA - s M: G,,ds + s  Vo 6 d s  n 
R B B 

where M o ( s )  i s  a p resc r ibed  bending moment (per u n i t  l e n g t h  of  p l a t e  

boundary) a c t i n g  a long  t h e  boundary i n  t h e  p o s i t i v e  sense  and V (s) i s  a 

p re sc r ibed  vertical  l i n e  f o r c e  ( p e r  u n i t  l e n g t h  of  boundary) a c t i n g  a l o n g  

n 
0 

n 

t h e  boundary i n  t h e  d i r e c t i o n  of the  z -ax is .  

The k i n e t i c  energy of t h e  p la te  i s  w r i t t e n  down under t h e  assumption 

t h a t  t h e  load  q gene ra t e s  waves o f  l a r g e  wave l e n g t h  [ l 5 ] ,  and t h e r e f o r e  

t h e  r o t a t i o n a l  k i n e t i c  energy i s  n e g l i g i b l e  compared t o  t h e  t r a n s l a t i o n a l .  

Hence 

R 
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where m = gph is t h e  mass of  t h e  p l a t e  p e r  u n i t  area. 

S u b s t i t u t i n g  expres s ions  (17), (19) and (20) i n t o  Hamil ton 's  

P r i n c i p l e  (3) ,  and performing t h e  i n d i c a t e d  v a r i a t i o n s ,  w e  o b t a i n  n o t i n g  t h a t  

6w=O a t  t=t- and t=% ( f o r  d e t a i l s  see €51 o r  E21)). 

tl 

6 (U-W-K)dt = 

(ss [ (DIP: ) ,  xx + (D 1 V 2 6 ) ,  YY + m 6, t t  - (q-p)]66 dA - 
t R  
0 

- r [ (DlV26)  J n  - D2[ (6, -6, ) sina cosa  - $, cos2al J s  + Vo!6& d s  
d xx YY XY nJ  
B 

+ [ [D v2$ - Dz (6 ,xxs in2a  + $, cos2a  - 6, s i n 2 a )  + d t  = 0 (21) 
d 1  YY XY 
B 

When the  boundary d e f l e c t i o n s  $(s, t)  and t h e  boundary r o t a t i o n s  

6, (s, t )  are p resc r ibed ,  

t h i s  ca se ,  equ. (21) i s  

n 

For h cons t ,  and 

depead upon x and y and 

then t h e  boundary i n t e g r a l s  i n  (21) vanish .  I n  

s a t i s f i e d ,  accord ing  t o  t h e  fundamental lemma, when 

' 4 ' P  i n  R (22 1 G L Y Y  + m $ 9  t t  

because E = E ( z ) ,  t h e  f l e x u r a l  r i g i d i t y  Dl does not  

equ. (22) may be  w r i t t e n  as fol lows:  

i n  R 

It should b e  noted t h a t  

then 6, z 0 and 
t t  

when $ i s  t i m e  independent ,  hence 6 = 6 ( x , y ) ,  

p (xJ Y )  = k6 (x, y)  (24 1 

where k i s  t h e  s p e c i f i c  weight of  t h e  l i q u i d .  When w = w(x ,y , t ) ,  t h e  p r e s -  

s u r e  p(x,y,  t )  i s  determined from t h e  equat ions  of f l u i d  dynamics. For 

d e t a i l s  of this procedure t h e  r eade r  i s  r e f e r r e d  t o  Ref. [12]. 
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From t h e  above d i s c u s s i o n  i t  fol lows t h a t  when t h e  ice p l a t e  w i th  

E(z )  i s  "clamped" a l o n g  t h e  e n t i r e  boundary, t he  formulat ion f o r  t h e  p l a t e  

c o n s i s t s  o f  t h e  d i f f e r e n t i a l  equa t ion  (23), t h e  boundary c o n d i t i o n s  

6(s , t )  = 0 

6,  ( S , t )  = 0 
on B 

n 

and t h e  two i n i t i a l  c o n d i t i o n s  

Noting t h a t  d i f f e r e n t i a l  equa t ion  (23) i s ,  except  f o r  t h e  c o e f f i c i e n t  4 ,  

i d e n t i c a l  w i t h  equ. (2) and t h a t  boundary c o n d i t i o n s  (25) and i n i t i a l  con- 

d i t i o n s  (26) are t h e  same as those  o f  a homogeneous p l a t e ,  i t . f o l l o w s  t h a t  

a l l  s o l u t i o n s  ob ta ined  f o r  t h e  clamped homogeneous p la te  may b e  used f o r  

f l o a t i n g  ice plates  w i t h  E(z),  by r e p l a c i n g  D = El? /[12 (I-$ )I wi th  

h- z 

- - z2E(z)dz 
0 

Dl l - v  
- Z  
0 

It i s  obvious t h a t  t h i s  i s  a l s o  t h e  case  f o r  t h e  i n f i n i t e  p l a t e .  

When t h e  p l a t e  boundary i s  "free",  t h e  two boundary cond i t ions  which 

s a t i s f y  (21) are, n o t i n g  ( 1 8 ) ,  

Dl[-V2& + (1-v) (6, s i n 2 a  +- 6,  cos2, - %, s i n 2 a ) I  = M: (s, t) 
(s, t )  xx YY XY 

0 0 where M ( s , t )  and V ( s , t )  are p resc r ibed  func t ions .  A comparison reveals, 

t h a t  except f o r  t h e  c o e f f i c i e n t  D,,, boundary c o n d i t i o n s  (27) are i d e n t i c a l  

w i t h  those  of t h e  homogeneous plate.  

n n 

From the  above d i s c u s s i o n  i t  fol lows t h a t  a l l  s o l u t i o n s  ob ta ined  i n  

t h e  l i t e r a t u r e  f o r  t h e  homogeneous p l a t e  u s ing  equa t ions  (1) o r  (2 ) , a r e  

9 



a l s o  v a l i d  f o r  t h e  corresponding ice p l a t e  w i t h  E = E(z) and v = const .  

when D is rep laced  by Dl. 

DETERMINATION OF STRESSES 

S u b s t i t u t i n g  (14) i n t o  (15)' w e  o b t a i n  

OXX YY 

It fo l lows  t h a t ,  a l t hough  t h e  p lane  s e c t i o n  hypothes is  was adapted,  

because E = E(z) t h e  d i s t r i b u t i o n  o f  the  stresses u CT and 0 i s  

n o t  l i n e a r  i n  z. 

xxJ yy' XY 

Once E(z) and w are given and %(x ,y )  i s  obta ined  from t h e  formula t ion  

d iscussed  be fo re ,  t h e  stresses throughout t h e  p la te  may be  determined 

from (28). 

I n  o r d e r  t o  c o r r e l a t e  moments and stresses, w e  no te  t h a t  

h- Z h- z0 
0 

h- z 
r o  Mx = j oxxzdz ; My = 0 zdz * M = 0 zdz 

9 0 0 

YY ' XY XY 
- 2  - Z  - Z  

I n  view of t h e  r e l a t i o n s  i n  ( 2 8 )  above equa t ions  become 

- - - Dl (kxx + w 6' 
Mx YY 1 

M = - Dl (jJyy + w G ,  Y xx 

M = - (1-V)  Dl G J X y  

) 

XY 

From (28) and (30) i t  fo l lows  t h a t  

10 



Note t h a t  only when E = cons t .  , do t h e  equat ions  i n  (31) reduce t o  t h e  

usua l  r e l a t i o n s  f o r  a homogeneous p l a t e  

DETERMINATION OF Dl 

A s  shown i n  (18), t h e  f l e x u r a l  r i g i d i t y  of  t h e  f l o a t i n g  i c e  p l a t e  

w i t h  E = E(z) and v .= const .  , i s  

h- z 

2 E(z)dz 
1 T o  

4 = ~ r p  j 
' Z  

0 

where z i s ,  as ye t ,anunknown q u a n t i t y .  I t s  de termina t ion  i s  d i scussed  

i n  t h e  fol lowing.  

0 

I n  formula t ing  t h e  ice p la te  problem i t  was assumed that t h e  used 

r e f e r e n c e  p lane  coa le sces  wi th  t h e  n e u t r a l  plane,  t h a t  i s  w i t h  t h e  p lane  

a t  which CJ and CT are z e r o  throughout t h e  p l a t e .  This and t h e  a d d i t i o n a l  

assumption t h a t  &(x ,y)  and $(x,y)  are ze ro  imply t h a t  t h e  r e s u l t a n t  normal 
xx YY 

f o r c e s  are zero.  Hence the  equa t ions  

(33) 

h- z h- z 
0 0 

and CJ d z = O  
YY 

J BXXdZ = 0 

- Z  'Z 
0 0 

should be  s a t i s f i e d  throughout t he  p l a t e .  S u b s t i t u t i n g  o and from (28) 
xx YY 

i n t o  t h e  above cond i t ions ,  w e  o b t a i n  

11 



z E z  1 .i-&& (6,xx + v G, )dz = 0 
YY 

-, z 
0 

l w, (G,yy + v %, xx )dz = 0 
' Z  
0 

Because &, and &, do no t  depend upon z, and v i s  a cons t an t ,  bo th  

equa t ions  i n  ( 3 4 )  are s a t i s f i e d  when 
xx YY 

h- z 
0 

z E(z)dz = 0 

' Z  
0 

( 3 5 )  

This  i s  t h e  equat ion  f o r  t h e  de t e rmina t ion  o f  z * i t s  on ly  unknown. 
0' 

Thus f o r  a given E(z), t he  va lue  of z i s  determined from c o n d i t i o n  ( 3 5 )  
0 

and then  t h e  f l e x u r a l  r i g i d i t y  of  t h e  i c e  p l a t e ,  DL , us ing  t h e  f i r s t  

r e l a t i o n  i n  (18). With Dl known, t h e  formula t ion  of a n  i c e  plate  problem 

w i t h  E(z) as d i scussed  above, i s  completed. 

To demonstrate  t h e  use of  above r e l a t i o n s ,  l e t  us assume, t h a t  t h e  

d i s t r i b u t i o n  of E can be expressed a n a l y t i c a l l y  as fo l lows:  

where 0 <= a < 1 and n are 

Graphical  r e p r e s e n t a t i o n s  

+ y-J h 

and 2.0,  are shown i n  Fig. 4 .  

S u b s t i t u t i o n  o f  ( 3 6 )  i n t o  

determined from a curve f i t t i n g  a n a l y s i s .  

of  expres s ion  ( 3 6 )  f o r  a = 0.2 and n = 0 . 5 , 1 . 0 ,  

n+2a) (n+l ) 
2 (n+2 ) ( n a )  z = h l  

0 

equ. ( 3 5 ) ,  y i e l d s  

S u b s t i t u t i o n  o f  ( 3 6 )  i n t o  t h e  f i r s t  equa t ion  i n  (18), y i e l d s  

(37 1 

Because o f  ( 3 7 ) ,  Dl becomes 

12 



The f i r s t  term i n  (39) i s  t h e  f l e x u r a l  r i g i d i t y  of a homogeneous p l a t e  w i t h  

a c o n s t a n t  Young’s modulus E . Hence t h e  term i n  t h e  b r a c k e t s  is t h e  re- 
0 

d u c t i o n  c o e f f i c i e n t  due t o  t h e  v a r i a t i o n  of E. 

and n = 2 (shown i n  Fig. 4 )  

and f o r  a = 0.2 and n = 0.5 

E h3 

9 = 0 * 4 2 , 1 2 ( 1 - 9 )  

For example, f o r  a = 0 .2  

(40 ) 

The corresponding bending stress d i s t r i b u t i o n s  are shown i n  Fig. 5. It should 

b e  noted t h a t  t h e  l a r g e s t  stresses under t h e  n e u t r a l  plane do n o t  n e c e s s a r i l y  

occur  i n  t h e  bottom f i b e r s .  

Note t h a t  4 may a l s o  be determined by s u b j e c t i n g  a f l o a t i n g  ice p l a t e  

t o  a load,  by r eco rd ing  a t  some p o i n t s  t h e  in s t an taneous  d e f l e c t i o n s  o r  s l o p e s ,  

and then by comparing them w i t h  t h e  corresponding va lues  based on equ. (23). 

THE K O A T I N G  I C E  BEAM AND THE STRENGTH TEST 

To determine t h e  s t r e n g t h  of f l o a t i n g  i c e  plates,  a number o f  i n v e s t i -  

g a t o r s  used as a t e s t  sample a f l o a t i n g  c a n t i l e v e r  beam, c u t  o u t  from a f l o a t i n g  

i c e  s h e e t ,  which i s  loaded a t  t h e  f r e e  end u n t i l  f a i l u r e ,  as shown i n  Fig. 6. 

The f a i l u r e  stress w a s  c a l c u l a t e d  u s i n g  the  stress formula f o r  t h e  l a r g e s t  

stress of a homogeneous 

I n  t h i s  e x p r e s s i o n  M i s  

t h e  i n s t a n t  of f a i l u r e ,  

lower s u r f a c e  of t e s t e d  

a h o r i z o n t a l  l i n e  which 

beam (References [ 22-26]) 

r -  MzO 
cJ xx I 

t h e  bending moment 

z i s  t h e  d i s t a n c e  

beam, and I i s  t h e  

0 

passes  through and 

a t  the  broken c ross  s e c t i o n  a t  

of n e u t r a l  axis from upper o r  

moment of i n e r t i a  w i t h  r e s p e c t  t o  

i s  normal t o  t h e  beam a x i s .  I n  

view of t h e  v a r i a t i o n  of E throughout t he  c r o s s  s e c t i o n ,  t h e  e v a l u a t i o n  o f  

13 



t h e  f a i l u r e  stress u s i n g  (42) i s  not  pe rmis s ib l e .  The c o r r e c t  equa t ion  is  

de r ived  i n  t h e  fol lowing.  

It should be  noted t h a t  a f t e r  t h e  beam i s  c u t  o u t ,  a l s o  a l a r g e  p a r t  

of  t h e  s i d e  s u r f a c e s  of t h e  beam g e t s  i n  con tac t  w i th  t h e  l i q u i d  which i s  

a t  about  +32"F. This  i n  t u r n  a f f e c t s  a v a r i a t i o n  of  E,  and hence of u xx' 

a l s o  i n  t h e  y d i r e c t i o n .  An a d d i t i o n a l  compl ica t ion  i s  c r e a t e d  by t h e  

f a c t  t h a t  a f t e r  t h e  beam i s  c u t  ou t ,  t h e  v a r i a t i o n  of E i n  t h e  y d i r e c t i o n  

v a r i e s  w i t h  t i m e  u n t i l  a thermal s t eady  s ta te  is e s t a b l i s h e d  i n  t h e  beam. 

This  compl ica t ion  can be avoided i f  t h e  beam is  formed by i n i t i a t i n g  

t h e  c u t t i n g  a t  t h e  t i p  and a f t e r  t h e  r o o t  o f  t h e  beam i s  formed, t o  load  

t h e  beam immediately u n t i l  i t  f a i l s .  In  t h i s  case  i t  appears  reasonable  

t o  assume t h a t  E = E(z)  only,and hence a l s o  the  bending stresses 0 

n o t  vary  wi th  y (see Fig.  6 ) .  

w i l l  xx 

The formula t ion  of  such a beam problem i s  ve ry  similar t o  the  one of  

t h e  p la te  d i scussed  above. In  view of  the  usual  assumptions 

o << uxx 
YY 

E = o  
Y Z  

Y 

u << oxx 
Z Z  

E = o  
XY 

E = o  xz 

i t  fol lows tkt 

U ='s's o E dV 2 ,I xx xx 

Because o f  assumption (45) 

With ^u 0 

Y 

u = G(x) - z cp(x) = G(x) - ZG, X 

* zw, ' 

XX E = u J  = -  xx X 

(47) 

S e t t i n g  

N A  w = w(x) 
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and n o t i n g  t h a t  Hookels 

w e  o b t a i n  

l a w  reduces,  because of (43),  t o  

OXX = E €XX 

U = 3 $,",x dx 2 

where 

The i n t e g r a t i o n  extends 

\ = Jl z2 E(z)dA 

A 

o v e r  t h e  area of beam c r o s s  s e c t i o n  A. 

From t h e  ob ta ined  U, equ. (51),  i t  fol lows t h a t  t h e  d i f f e r e n t i a l  equa- 

t i o n  and boundary c o n d i t i o n s  f o r  a beam wi th  E(z) are t h e  same as f o r  a co r re -  

sponding homogeneous beam i f  t h e  f l e x u r a l  r i g i d i t y  E 1  i s  r ep laced  by T .  

According t o  (50) and (48),  t h e  stress 

- - = - z E ( z )  G l X x  
(J xx xx 

Noting t h a t  

M = JJ axxzdA = - G ,  5 X xx 
A 

i t  fo l lows  t h a t  

M 
X 

(J = -  z E(z)  
xx 4 

(53) 

(54) 

(55) 

Hence f o r  t h e  de t e rmina t ion  of f a i l u r e  stresses from tests on f l o a t i n g  

beams, equ. (55) has  t o  be used i n s t e a d  of equ. (42). 

It should b e  noted t h a t  t h e  d i s t r i b u t i o n  of (J which correspond t o  

E(z) p r o f i l e s  shown i n  Fig. 4 are, except f o r  a c o e f f i c i e n t ,  i d e n t i c a l  t o  

xx' 

t hose  shown i n  Fig. 5 s i n c e ,  a l s o  f o r  t h e  beam problem, z i s  determined 

from equ. (35). 

0 

The f a c t ,  t h a t  f o r  a given bending moment t h e  stresses a t  

t h e  bottom f i b e r s  are smaller than  t h e  corresponding stresses a t  t h e  top  

f i b e r s  [as w e l l  as those  ob ta ined  from equ. (42)Jmay be t h e  reason f o r  

t h e  obse rva t ion  t h a t  "the s t r e n g t h  of t h e  c a n t i l e v e r  beams w a s  g r e a t e r  when 

t h e  bottom of t h e  i c e  w a s  pu t  i n  t ens ion"  r 2 5 l .  
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ADDITIONAL REMARKS 

Recently,  0. Mahrenhol t z  [ 107 d i s c u s s i n g  the  response of  f l o a t i n g  i c e  

p l a t e s ,  suggested t o  inc lude  t h e  c o n d i t i o n  

JJ GdA = 0 (56 1 
R 

as p a r t  of  t h e  formulat ion.  Condi t ion (56) i m p l i e s  t h a t  a n  incompress ib le  

l i q u i d  i s  sea l ed  between t h e  p l a t e  and a r i g i d  l i q u i d - t i g h t  surrounding.  

This  type  of  problems were s t u d i e d  f o r  an  incompressible  l i q u i d  i n  Ref. [ 7 )  

and f o r  a compressible  l i q u i d  i n  Ref. [8].  The obta ined  r e s u l t s  i n d i c a t e  

t h a t  when ana lyz ing  t h e  response of  a n  i c e  p l a t e  which covers  a r iver  o r  

l ake ,  t h e r e  i s  no j u s t i f i c a t i o n  t o  impose c o n d i t i o n  (56). 

For those  cases when cond i t ion  (56) has  t o  be  imposed, i t  may b e  

inco rpora t ed  i n  t h e  above a n a l y s i s  by means of t h e  Lagrange m u l t i p l i e r  method. 

The r e s u l t s  ob ta ined  i n  t h e  p r e s e n t  p a p e r  sugges t  t h a t  a c o n s i s t e n t  

formula t ion  has t o  be a l s o  de r ived  f o r  the  a n a l y s i s  of v i s c o e l a s t i c  de fo r -  

mations of  f l o a t i n g  i c e  s h e e t s ,  which takes  i n t o  cons ide ra t ion  t h e  v a r i a t i o n  

o f  t h e  material parameters  w i th  p la te  depth.  This  i s  necessary ,  i n  p a r t i c u -  

lar, when stress d i s t r i b u t i o n s  are s t u d i e d ,  as done by J .L.  C u t c l i f f e ,  

W.D. Kingery and R.L. Coble [27]. The above remark a l s o  a p p l i e s  t o  t h e  

p a p e r  by H. A. Hobbs, J. L. C u t c l i f f e  and W. D. Kingery [281. I n  connect ion w i t h  

t h i s  p a p e r ,  i t  should be  noted t h a t  i f  t h e  shapes of  two d e f l e c t i o n  s u r f a c e s  

are approximately t h e  same ( in  t h e  sense  o f  comparing two graphs) ,  then 

t h i s  does not imply t h a t  t h e  stresses w i l l  a l s o  be  approximately t h e  same. 
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Fig. 4 D i s t r i b u t i o n  of E accord ing  t o  equ. (36) 
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